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Abstract  

 
In this paper we introduce a new method for the equal profit allocation between multiple 
players. We focus on the cooperation agreements, where the different tasks as well as their 
incurred risks should be allocated to those parties that are best able to manage them. An 
algorithmic type procedure is presented, which uses the Monte Carlo simulation technique 
and calculates with accuracy the costs and the revenues that each one of the multiple players 
should take, in order to have the same probability in getting equal profits. The proposed 
method is illustrated in a numerical example which demonstrates its effectiveness, while 
useful conclusions are discussed. 
 
Keywords: cooperation agreements, multiple players, profit allocation, Monte Carlo 
simulation. 
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1 Introduction 

 
In this paper we focus on the cooperation agreements between multiple players, where each 
player undertakes some costs individually and there are other costs as well as the total 
revenues that should be shared among them, in order to get equal profits.  
The cooperation agreements are not new in literature (Chen and Yin, 2010). Xu and Yang 
(2009) develop a cost-sharing method for the economic lot-sizing game, which allocates the 
total cost to the different players, while Özen et. al (2009) examine the cooperation situations 
and demonstrate that the situations with decision making under uncertainty are totally 
balanced. Moreover, Granot and Sosic (2003) propose a model for the decentralized systems 
of retailers and Bergantiños et. al (2010) analyze the multi-issue allocation situations and 
propose an axiomatic characterization of the  proportional  rule. However, main question in 
the cooperation agreements is how the costs as well as the revenues arising through the 
collaboration should be shared among the multiple players (Özen et. al, 2009; Hennet and 
Mahjoub 2010), in order to get equal profits. Specifically, crucial is that the different players’ 
profits should be equal not only in their expected values, but further should have the same 
probability to get lower or higher than the expected values. Generally, a cooperation 
agreement should be based in the proper risk allocation among players, in order to come up 
with a mutually beneficial outcome and be fair for all players. Thus, the risks that each player 
undertakes should be taken into account during the calculation of the costs and the revenues 
that are shared.  
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In this paper we propose a generalized method that can be used in the cooperation agreements 
between multiple players. A new algorithm is presented, which calculates with accuracy the 
costs and the revenues that each player should take, so as all players getting equal profits, 
while there is equal probability to get higher or lower than the expected values. The new 
method uses the Monte Carlo Simulation (MCS), in order to achieve the risk allocation 
among players. MCS is a widely used method, which can be used in the evaluation of 
alternative investment types (see Alonso-Conde et al., 2007; Ng et al., 2007) through the 
calculation of the indicators’ expected values (Shapiro, 2006) and the estimation of the 
probability distribution functions. The rest of this paper is organized as follows. The basic 
steps of the proposed algorithm are presented in section 2 and a numerical example is 
illustrated in section 3. Useful conclusions as well as the future research issues are discussed 
in the last section 4.  
 
2 The algorithm 

 
The proposed with this paper algorithm consists of seven basic steps. The later step examines 
whether the first six steps were implemented on behalf of two or more different players. If the 
basic steps are followed for two specific players, then the results present the cost sharing and 
revenue sharing rates for these players so as the total costs as well as the revenues for each 
player can be calculated. On the other hand, if the basic steps were followed for more than 
two players, then the basic steps are followed again, where these players are further divided in 
pairs and the results are used as inputs. The seven steps are implemented again and again, 
until all players are divided in pairs, while the implementation of these steps for all pairs 
result in the cost sharing and revenue sharing rates of the total players. Specifically, in case 
that there are t different players, then the basic steps are followed for t -1 times.   

2.1 First step 

Separate t different players, (t = 2 or t > 2), in two groups: tA in group A and tB in group B, so 
as: t = tA + tB and tA = tB, or t = tA + tB and | tA - tB | = 1.  
Estimate the cost that each player undertakes individually: cost1, cost2, cost3, … , costt  and the 
cost to be shared C. Further, estimate the total revenues R and calculate the total net profits 
that will be shared:  

∑t
1n

ntotal cost-C-RP
=

=            (1) 

2.2 Second step 

Let PR1, PR2, PR3, … , PRt denote the net profit rates for the t players and the PA and PB 
denote the net profits for the A and B groups respectively, so as:  
PR1 + PR2 + PR3 + … + PRt = 1, while the PA + PB = Ptotal             (2) 
Taking into consideration that the net profit rates should be equal for all players, i.e.: 

t

1
=PR........PRPRPR t321 ==== , the PA , PB for the A and B groups are calculated with 

the following functions:   
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2.3 Third step 

Let CA denote the percentage of the cost C that is covered by group A and CB the rest 
percentage of the cost C covered by group B. Obviously, there is: CB = 1-CA.  
Furthermore, let RA, RB = 1-RA, denote the revenue sharing rates for the A and B groups 
respectively. Thus, function (3) and (4) give:  

a21AA
A

totalA cost-.....-cost-cost-C*C-R*R
t

t
*PP(3) ==⇒          (6) 

t2)(a1)(aAA
B

totalB cost-...-cost-cost-)C-(1*C-)R-(1*R
t

t
*PP(4) ++==⇒         (7) 

For the (CA, CB) = (1, 0) and for the (CA, CB) = (0, 1), functions (6) and (7) give the RA(1) and 
RB (1) = 1- RA (1) as well as the RA (2) and RB (2) = 1- RA (2) values respectively. The calculated 
range (RA (1), RA (2) is the range including all the possible values of the RA that result to (PA, 
PB), i.e. to equal profit values for all players. 

2.4 Fourth step 

Assign symmetric probability distributions for each one of the identified variables: the cost1, 
the cost2, the cost3, …, the costt, the revenues R that are shared, the cost C that is shared, etc. 
All types of distributions can be followed for the variables, e.g. the normal, or the triangular 
or the PERT distribution, etc. However, these distributions should be symmetric, i.e. the 
minimum, the maximum and the most probable value for all variables are:  
(maximum) – (most probable value) = (most probable value) – (minimum)     (8) 

2.5 Fifth step 

Use the revenue sharing range (RA (1), RA (2)) that is calculated in the third step, in functions (6) 
and (7).  
In this point, we mention that for each RA (x), where RA (x) Є (RA (1), RA (2)), there is a different 
CA (x) Є (0, 1) that satisfies functions (6) and (7). Thus, there are alternative scenarios of the 
(RA (x), 1- RA (x)), (CA (x), 1-CA (x)) that result to (PA, PB). These scenarios are evaluated in a case-
by-case basis, as follows.  
Specifically, a MCS model is developed with functions (6) and (7), where the variables are 
defined as inputs and the PA, PB are defined as outputs. Due to the fact that RB = 1-RA and CB 
= 1-CA, for an examined value RA (x) is estimated the relative value CA (x), which satisfy both 
the (6) and (7) functions, i.e. result to the (PA, PB). For these values, the MCS model runs and 
the net profit values for the A and B groups in the (5%, 95%) probability range, i.e. the PA

(5%), 
the PA

(95%), the PB
(5%), and the PB

(95%) are estimated. We have to mention that in all cases, the 
expected values are equal to the PA, PB.  

2.6 Sixth step 

For each examined value of the RA (x), the profit ranges of the A and B Groups are calculated, 
while the RA(x) that is preferred, is the one which satisfies function (5) in the 5%-95% 
probability range:   
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2.7 Seventh step 

If t = 2, then tA = tB = 1, there are two players who collaborate. In this case, the results 
provided, i.e. the (RA (x), RB (x) = 1-RA (x)),  (CA (x), CB (x) = 1-CA (x)) are the desired rates, for 
which the two players have equal expected values of their net profits and additionally there is 
equal probability to get higher or lower than the expected profits.    
If at least one of tA, or tB is greater than 1, the seven steps are implemented again, while the 
results are used as inputs in the next implementation. Specifically, for t players, the basic 
steps are followed for t-1 times, until all players are separated in groups with two independent 
players. Through the results that arise when all players are divided in pairs and the seven 
basic steps are implemented for all pairs, the total costs and revenues for each player are 
calculated, in order to get equal profits under the same probability.   
 
3 A Numerical Example  

 
Consider the scenario where there are 9 different players who examine to collaborate in a 
cooperative agreement. The costs that each player undertakes individually as well as the 
probability distribution of these variables are illustrated in Table 1.  
Further, the total revenues R are estimated in 6.000, which have to be shared among the 9 
players, while the cost C to be shared is estimated in 2.000.     

3.1 Implementation 

Following the first step of the algorithm, t =9, so the 9 players are divided in two groups, with 
1 to 5 players in group A and the rest 6 to 9 players in group B. In this case, tA = 5 and tB = 4. 
Though the functions (1), (3) and (4) of the algorithm, the net profits are calculated: Ptotal = 
1.740, PA = 966,67 and PB = 773,34. Further, functions (6) and (7) result:    

1058,1C-R300-400-120-75-350-C*2.000-R*6.000966,67 AAAA == *3⇒ .  

For the CA = 0 and CA = 1, the RA = 0,3686 and RA = 0,7021 respectively.  
A MCS model is developed, where the PA , PB  are defined as outputs, the variables cost1, 
cost2, cost3 ,…, cost9, R and C get the distribution values as illustrated in Table 1, while the RA 
get specific values in the range (36,86%, 70,21%):   

54321AAA cost-cost-cost-cost-cost-1,1058)-R*(3*C-R*RP =  

9876AAB cost-cost-cost-cost-1,1058))-R*(3-(1*C-)R-(1*RP =  

As shown in these functions, for each RA that is tested, there is a specific CA that is used. 
These values are used in the MCS model, so as the cumulative probability distribution 
functions of the PA , PB are calculated for each RA that is examined. 
The RA (x) that is distinguished is the one that satisfies more function (9), i.e. the  
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t
 is closer to zero.   

 
In the present case, the value that minimizes mostly the above index, is the RA = 55,500%, for 
which the CA = 55,917% and so the RB = 44,500% and CB = 44,083%. The results of the RA 

and CA are used in the next implementation of the seven basic steps, which runs for the C 
group that presents the 1 and 2 players and the D group that presents the 3, 4 and 5 players 
respectively. On the other hand, the results of the RB and CB are used in the E and F groups, 
which present the 6, 7 and the 8, 9 players respectively. According to the proposed algorithm 
in the present case, the seven steps are followed for t-1=8 times and the results are illustrated 
in the following Figure 1. The final cost and revenue rates that arise for each player are 
multiplied with the previous rates, which are calculated in the path for each player. For  
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Table 1. Variables’ values in symmetric distributions  
 

Variable 
Minimum 

Value 
Most probable 

Value 
Maximum 

Value 
Distribution 

Shared Cost (C) 1.800 2.000 2.200 Triangular 
Shared Revenues (R) 5.400 6.000 6.600 PERT 

Cost1 300 350 400 Triangular 
Cost2 70 75 80 Triangular 
Cost3 100 120 140 Triangular 
Cost4 360 400 440 PERT 
Cost5 250 300 350 Triangular 
Cost6 180 200 220 PERT 
Cost7 400 450 500 PERT 
Cost8 270 300 330 Triangular 
Cost9 60 65 70 Triangular 

 

Figure 1. Results of the method 
 

 
 
instance, the shared cost for Player  5 is calculated: (C5)*(CG)*(CD)*(CA)*(C) =  
(47,910%)*(45,060%)*(56,450%)*(55,917%)*(2.000) = (6,8144%)*(2.000) = 136,287 and 
the shared revenues for the same Player 5 is calculated:  (R5)*(RG)*(RD)*(RA)*(R) 
=(45,920%)*(67,500%)*(61,000%)*(55,500%)*(6.000) = (10,4937%) * (6.000) = 629,622. 
The results for all 9 players are presented in the following Table 2.  
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3.2 Verification of the Results 

In order to verify that these calculations provide the desired results, i.e. present the specific 
costs and revenues for each actor, so as to have equal profits under the same probability, the 
MCS runs again, with the profit values of the different players defined as outputs, i.e. the P1, 
P2, P3, …. , P9. The cumulative probability distribution functions for the 9 different players 
are illustrated in the following Figure 2, where the functions are analyzed in four different 
profit values, which are the 115, the 160, the 220 and the 275 values, while the results are 
presented in Table 3. As it is shown, the expected profit value is 193,3 and is equal for all 
players, while there is also equal probability for all the players to get higher or lower profit 
value than the expected one. 
 
Table 2. Calculations with the use of the algorithm 
 

Players 1 2 3 4 5 6 7 8 9 

Shared Cost 
(%) 

3,6776 20,6742 17,3419 7,4089 6,8144 15,7373 0,5144 8,8907 18,9406 

Cost  73,552 413,485 346,838 148,178 136,287 314,735 10,287 177,815 378,813 

Revenue 
Shared (%) 

10,2814 11,3636 11,0029 12,3584 10,4937 11,8014 10,8936 11,1860 10,6190 

Revenues 616,883 681,818 660,173 741,506 629,622 708,084 653,616 671,158 637,142 

 

Table 3. Analysis of the Cumulative Probability Distribution Functions  
     

Probability of 
Player 

Mean Value 

(expected) 
Value < 115 Value < 160 Value < 220 Value < 275 

Profit1 193,3 0,36% 15,54% 79,68% 99,86% 

Profit2 193,3 0,26% 14,48% 79,66% 99,84% 

Profit3 193,3 0,27% 13,54% 79,12% 99,81% 

Profit4 193,3 0,52% 15,88% 78,32% 99,72% 

Profit5 193,3 0,39% 15,68% 79,04% 99,72% 

Profit6 193,3 0,22% 14,52% 79,26% 99,88% 

Profit7 193,3 0,32% 14,56% 78,96% 99,88% 

Profit8 193,3 0,12% 13,12% 80,72% 99,98% 

Profit9 193,3 0,10% 12,52% 81,40% 99,94% 
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Figure 2. Cumulative Probability Distribution Functions of the 9 Players 
 

4 Discussion and Conclusions 

As mentioned by Lippman and McCall (1982), the risk sharing increases the demand for 
cooperation agreements. However, in a cooperative agreement crucial is the correlation 
between the risks that each player undertakes with the profit allocation mechanism. Herein, a 
model for the equal profit allocation between multiple players is presented, which results to 
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the equal risk sharing among them. The development of the proposed model, by taking into 
consideration the time value of money, according to the discounted cash flow analysis 
(Karmperis et. al, 2010), can be a subject for future research. Specifically, the equal profit 
allocation can be achieved through the players’ Net Present Value, which is a widely 
examined objective in the literature. 
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